Abstract. We shall show that, an extension of the theorem of Duren, Shapiro and Shields on the univalence of a function / holomorphic in the unit disk D, still remains of significance, if the power a € (0, 1) in sup2eD(l -\z\*)"\f"(z)/f(z)\ is small enough. We shall show, nevertheless, the method found by Duren, Shapiro and Shields still remains available for small a > 0.
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Theorem. Let f be a function nonconstant and holomorphic in D. Suppose that a E [0, 1], and suppose that ||/L < 2(V4" + 2 -a -2a) = ka.
Then f is univalent in D.
Our theorem is thus significant for ka > 1 ; this is the case for 0 < a < aŵ here a0 is the constant satisfying 2a° + a0 = 7/4. We note that a0 = 0.416 ... ; the detailed calculation is due to the referee. The constant kx is the constant found by Duren, Shapiro and Shields.
We begin with Lemma. Let g be a function holomorphic in D, and let a > 0. Then sup,EZ>(l -\z\2)l+a\g'(z)\ < 21+« sup,6D(l -\z\2)"\g(z)\.
Proof. We may assume that the supremum in the right-hand side of (1), denoted by M, is finite, because the case where Af = + oo is obvious. For each z E D, we let
it follows that
We thus obtain (1). Proof of Theorem. It follows from the Lemma, applied to g = f"/f, that
On the other hand, it follows from 1 + a > 2a, that
(1 -\z\2)l + a\f"(z)/f'(z)\2 < ll/ll2 < k2, z E D.
Therefore, we obtain
where Sf = (/"//')' -\(f"If')2 is the Schwarzian derivative off. then / is univalent in D. Since 1 < 1 + a < 2, it follows from (2) that / is univalent in D.
